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FULLNESS OF CROSSED PRODUCTS OF FACTORS
BY DISCRETE GROUPS
AMINE MARRAKCHI
Abstract. Let M be an arbitrary factor and σ : Γ y M an action of a discrete group. In
this paper, we study the fullness of the crossed product M ⋊σ Γ. When Γ is amenable, we
obtain a complete characterization: the crossed product factor M ⋊σ Γ is full if and only if
M is full and the quotient map σ : Γ → Out(M) has finite kernel and discrete image. This
answers a question of Jones from [Jo81]. WhenM is full and Γ is arbitrary, we give a sufficient
condition for M ⋊σ Γ to be full which generalizes both Jones’ criterion and Choda’s criterion.
In particular, we show that if M is any full factor (possibly of type III) and Γ is a non-inner
amenable group, then the crossed product M ⋊σ Γ is full.
1. Introduction and statement of the main results
Introduction. Let M be any factor and let σ : Γ y M be an action of a discrete group Γ.
This paper is motivated by the following question: when is the crossed product factor M ⋊σ Γ
a full factor? Recall that a type II1 factor M is full, or equivalently does not have property
Gamma of Murray and von Neumann [MvN43], if every uniformly bounded net (xi)i∈I that
is central, meaning that limi ‖xia − axi‖2 = 0 for every a ∈ M , must be trivial, meaning that
limi ‖xi − τ(xi)1‖2 = 0. More generally, following [Co74], we say that an arbitrary factor M is
full if every uniformly bounded net (xi)i∈I in M that is centralizing, meaning that limi ‖xiϕ−
ϕxi‖ = 0 for all ϕ ∈M∗, must be trivial, meaning that there exists a bounded net (λi)i∈I in C
such that xi − λi1→ 0 strongly as i→∞.
By [Co74, Theorem 3.1], for any full factor M , the subgroup of inner automorphisms Inn(N)
is closed in the group of automorphisms Aut(M) and hence the quotient group Out(M) =
Aut(M)/ Inn(M) inherits a structure of a complete topological group. In [Jo81], Jones proved
that if M is a full II1 factor and σ : Γ y M is an action such that the quotient map σ : Γ →
Out(M) is injective and has discrete image, then the crossed productM⋊σΓ is also a full factor.
This result was recently generalized to arbitrary factors in [Ma16]. Moreover, Jones proved that
this sufficient condition is in fact necessary when Γ = Z. His proof only works for abelian groups
but Jones suggested that this statement should be true for every amenable group. Our first
main theorem answers this question affirmatively and gives a complete characterization of the
fullness of M ⋊σ Γ when Γ is amenable.
Theorem A. Let M be a factor and σ : Γ y M an action of a discrete group Γ such that
M ⋊σ Γ is a factor. Suppose that Γ is amenable. Then the following are equivalent:
(i) M ⋊σ Γ is full.
(ii) M is full and the map σ : Γ→ Out(M) has finite kernel and discrete image.
Example 1. Let G be a discrete amenable group and let π : G → O(HR) be any orthogonal
representation. Then the crossed product associated to the free Bogoljubov action Γ(HR)
′′
⋊πG
is a full factor if and only if dimHR 6= 1, π is faithful and π(G) is discrete in O(HR). Indeed,
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by [H14, Theorem A], this condition is sufficient and by Theorem A, it is necessary. This was
previsously only known when G is abelian [H14, Corollary 6.2].
The implication (ii)⇒ (i) of Theorem A is always true even without the amenability assump-
tion, so our new input is (i)⇒ (ii). This implication actually follows from a much more general
property: no action of a discrete amenable group on a diffuse von Neumann algebra can be
strongly ergodic. This property was proved very recently by Popa, Shlyakhtenko and Vaes
[PSV18] in the case where the action is free and trace preserving. In our Theorem 3.3, we
remove the freeness (and the traciality) assumption and the proof of (i) ⇒ (ii) follows quite
easily.
Note that the implication (i) ⇒ (ii) fails when Γ is not amenable. First, M need not be full.
For example, a Bernoulli crossed product (A,ϕ)⊗Γ ⋊ Γ is always full when Γ is non-amenable
[VV14, Lemma 2.7]. Moreover, even if we assume that M is full, the map σ : Γ → Out(M)
need not have discrete image. In fact, a well-known theorem of Choda [Ch81] shows that if
M is a full II1 factor and Γ is a non-inner amenable group (e.g. Γ = F2), then for any action
σ : Γ y M , the crossed product M ⋊σ Γ is a full factor. Recall that Γ is inner amenable if
it admits a non-trivial conjugacy invariant mean, or equivalently if the action by conjugacy
Γy βΓ \ {1} admits an invariant probability measure.
In our second main theorem, we give a sufficient condition for the fullness of M ⋊σ Γ which
generalizes both criterions of Jones and Choda. In order to formulate it, we associate, to any
action σ : ΓyM , the following compact Γ-space (where Γ acts by conjugacy):
∂σΓ = {x ∈ βΓ \ Γ | lim
g→x
σ(g) = 1}.
Theorem B. Let M be a full factor and let σ : Γ y M be an action of a discrete group Γ
such that M ⋊σ Γ is a factor. Suppose that the action Γ y ∂σΓ has no invariant probability
measure. Then M ⋊σ Γ is full.
Note that Theorem B applies in particular when ∂σΓ = ∅ which means precisely that the map
σ : Γ → Out(M) has finite kernel and discrete image. So this case was essentially already
known by [Jo81] and [Ma16].
Another extreme case where Theorem B applies is when Γ is non-inner amenable since βΓ does
not carry any non-trivial invariant probability measure in that case. Therefore, we obtain the
following generalization of Choda’s theorem [Ch81] to factors of arbitrary type.
Corollary C. Let M be any full factor and let σ : ΓyM be an action of a discrete non-inner
amenable group. Then M ⋊σ Γ is a full factor.
We would like to emphasize the fact that Choda’s argument of [Ch81] fails in general for
non-state preserving actions so that different methods are required to obtain similar results in
that case, see for instance [HI15], [Oz16] or [HI18, Corollary F]. Note that non-state preserving
actions σ : ΓyM on full type III factors are abundant. For example, this happens if Γ contains
a subgroup which acts ergodically on M and preserves a state ϕ which is not preserved by Γ.
Therefore Corollary C cannot be obtained by just adapting Choda’s proof and we use in a
crucial way the spectral gap characterization of fullness obtained in [Ma16].
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2. Preliminaries
Basic notations. Let M be any von Neumann algebra. We denote by M∗ its predual, by
U(M) its group of unitaries and by Z(M) its center. The uniform norm on M is denoted by
‖ · ‖∞ and the unit ball of M with respect to the uniform norm ‖ · ‖∞ is denoted by Ball(M).
If ϕ ∈M+∗ is a positive functional, we put ‖x‖ϕ = ϕ(x
∗x)1/2 and ‖x‖♯ϕ = (ϕ(x∗x) + ϕ(xx∗))
1/2
for all x ∈M .
Standard form. Let M be any von Neumann algebra. We denote by (M,L2(M), J,L2(M)+)
the standard form of M [Ha73]. Recall that L2(M) is naturally endowed with the structure
of a M -M -bimodule: we will simply write xξy = xJy∗Jξ for all x, y ∈ M and all ξ ∈ L2(M).
The vector Jξ will be also simply denoted by ξ∗ so that (xξ)∗ = ξ∗x∗. For every ξ ∈ L2(M) we
denote by |ξ| ∈ L2(M)+ its positive part. If ξ ∈ L
2(M)+ we denote by ξ
2 ∈ M+∗ the positive
functional on M defined by x 7→ 〈xξ, ξ〉.
For every positive functional ϕ ∈M∗, we let
Σϕ =
{
η ∈ L2(M) : ∃λ ∈ R+, |η|
2 ≤ λϕ and |η∗|2 ≤ λϕ
}
=Mϕ1/2 ∩ ϕ1/2M.
Note that if for some (not necessarily bounded) net (xi)i∈I in M we have ‖xi‖ϕ → 0, then
‖xiξ‖ → 0 for all ξ ∈ Σϕ. See the discussion after [Ma16, Lemma 3.2] for further details.
Topological groups associated to a von Neumann algebra. A topological group is a
group G equipped with a topology making the map (g, h) ∈ G×G 7→ gh−1 continuous. If H is
a normal subgroup of G, then G/H is a topological group with respect to the quotient topology
(not necessarily Hausdorff). A topological group G is said to be complete if it is Hausdorff and
complete with respect to the uniform structure generated by the following sets
UV = {(g, h) ∈ G×G | gh
−1 ∈ V and g−1h ∈ V},
where V runs over the neighborhoods of 1 in G. If G is complete and H is a subgroup of G,
then H is complete if and only if it is closed in G. If moreover H is normal, then G/H is also
complete. We say that a complete topological group is Polish if it is separable and completely
metrizable.
Let M be a von Neumann algebra. Then the restriction of the weak∗ topology, the strong
topology and the ∗-strong topology all co¨ıncide on U(M) and they turn U(M) into a complete
topological group. If moreover M∗ has separable predual, then U(M) is Polish.
The group Aut(M) of all ∗-automorphisms ofM acts onM∗ by θ(ϕ) = ϕ◦θ
−1 for all θ ∈ Aut(M)
and all ϕ ∈M∗. Following [Co74, Ha73], the u-topology on Aut(M) is the topology of pointwise
norm convergence on M∗, meaning that a net (θi)i∈I in Aut(M) converges to the identity idM
in the u-topology if and only if for all ϕ ∈M∗ we have ‖θi(ϕ)− ϕ‖ → 0 as i→∞. This turns
Aut(M) into a complete topological group. When M∗ is separable, Aut(M) is Polish. Since
the standard form of M is unique, the group Aut(M) also acts naturally on L2(M). Then the
u-topology is also the topology of pointwise norm convergence on L2(M).
We denote by Ad : U(M) → Aut(M) the continuous homomorphism which sends a unitary u
to the corresponding inner automorphism Ad(u). We denote by Inn(M) the image of Ad. We
denote by Out(M) = Aut(M)/ Inn(M) the quotient group. Let πM : Aut(M) → Out(M) be
the quotient map. A net (θi)i∈I in Aut(M) satisfies πM(θi) → 1 in Out(M) as i → ∞ if and
only if there exists a net (ui)i∈I in U(M) such that Ad(ui) ◦ θi → idM as i→∞.
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Note that a net of unitaries (ui)i∈I in U(M) is centralizing in M if and only if Ad(ui)→ idM
as i → ∞. Hence, when M is a full factor, the definitions imply that the map Ad : U(M) →
Aut(M) is open on its range. Therefore, Inn(M) is isomorphic as a topological group to the
quotient U(M)/{z ∈ C | |z| = 1}. In particular, Inn(M) is complete hence closed in Aut(M)
and Out(M) is a complete topological group.
Ultraproducts von Neumann algebras. Let M be any σ-finite von Neumann algebra. Let
I be any nonempty directed set and ω any cofinal ultrafilter on I, i.e. {i ∈ I : i ≥ i0} ∈ ω for
every i0 ∈ I. When I =N, ω is cofinal if and only if ω is nonprincipal, i.e. ω ∈ βN \N. Define
Iω(M) = {(xi)i ∈ ℓ
∞(I,M) | xi → 0 ∗ -strongly as i→ ω}
M
ω(M) = {(xi)i ∈ ℓ
∞(I,M) | (xi)i Iω(M) ⊂ Iω(M) and Iω(M) (xi)i ⊂ Iω(M)} .
The multiplier algebraMω(M) is a C∗-algebra and Iω(M) ⊂M
ω(M) is a norm closed two-sided
ideal. Following [Oc85, §5.1], the quotient C∗-algebraMω := Mω(M)/Iω(M) is a von Neumann
algebra, known as the Ocneanu ultraproduct of M . We denote the image of (xi)i ∈M
ω(M) by
(xi)
ω ∈Mω. Throughout this paper, we will use the notation from [AH12] for ultraproducts.
3. Proof of Theorem A
Before we prove Theorem A, we recall the following definition.
Definition 3.1. Let σ : ΓyM be an action of a discrete group Γ on a von Neumann algebra
M . We say that σ is:
(i) ergodic if the only elements of M fixed by σ are the scalars.
(ii) strongly ergodic if for every cofinal ultrafilter ω on every directed set I, the action
σω : ΓyMω is ergodic.
(iii) centrally ergodic if for every cofinal ultrafilter ω on every directed set I, the action
σω : ΓyMω is ergodic.
Remark 3.2. By a standard diagonal extraction argument, if an action σ is strongly ergodic
then σω must also be strongly ergodic. Similarly, if σ is centrally ergodic, then σω is strongly
ergodic. We also make the following observation: if Z(M) is discrete, then an action Γ y M
is strongly ergodic (resp. centrally ergodic) if and only if Γ acts transitively on the minimal
projections of Z(M) and for some (hence any) minimal projection p ∈ Z(M) the action of the
stabilizer Γp y pMp is strongly ergodic (resp. centrally ergodic).
It is well known that a pmp action of an amenable group on a diffuse probability space can
never be strongly ergodic. The key result we need to prove Theorem A is the following non-
commutative version. This result was very recently obtained in [PSV18, Theorem 4.1] in the
case where σ is free (and ϕ is a trace). We will show that the general case can be reduced to
the free case.
Theorem 3.3. Let σ : Γy (M,ϕ) be a state preserving action of a discrete group Γ on a von
Neumann algebra M with a faithful normal state ϕ. If Γ is amenable and σ is strongly ergodic,
then M is finite dimensional.
In order to prove this non-strong ergodicity theorem, we first need to understand central ergod-
icity. We show that central ergodicity for group actions on II1 factors admits a useful spectral
gap characterization which generalizes [Co75, Theorem 2.1]
Proposition 3.4. Let σ : Γ y M be an action of a discrete group Γ on a type II1 factor
M . Then σ is centrally ergodic if and only if the representation of U(M) ⋊σ Γ on L
2(M) has
spectral gap.
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Proof. Let N = M ⋊σ Γ. Let Σ = U(M) ∪ {ug | g ∈ Γ} ⊂ N . A direct application of [Ma17,
Theorem B] shows that we can find a projection p ∈ M with τ(p) > 12 , finite sets S ⊂ U(M)
and K ⊂ Γ, and a constant κ > 0 such that for all x ∈ pMp with τ(x) = 0 we have
‖x‖2 ≤ κ

∑
u∈S
‖p(ux− xu)p‖2 +
∑
g∈K
‖p(ugx− xug)p‖2


Let v = 2p − 1 ∈ U(M) and let w ∈ U(M) be any unitary which satisfies w(1 − p)w∗ ≤ p. Let
S′ = S ∪ {v,w}. Then it is not hard to check that there exists some constant κ′ > 0 such that
for all x ∈M we have
‖x− τ(x)‖2 ≤ κ
′

∑
u∈S′
‖ux− xu‖2 +
∑
g∈K
‖σg(x)− x‖2



Theorem 3.5. Let σ : Γ y M be an action of a discrete group Γ on a finite von Neumann
algebra M . Suppose that Γ is amenable. If σ is centrally ergodic then M is a direct sum of full
factors.
Proof. First observe that if σ is centrally ergodic then its restriction to the center Z(M) must
be strongly ergodic. Since Γ is amenable, this only happens if Z(M) is discrete and Γ acts
transitively on the minimal projections of Z(M). Moreover, for any minimal projection p ∈
Z(M), the action of its stabilizer Γp = {g ∈ Γ | σg(p) = p} on pMp must be centrally ergodic.
Hence the problem reduces to the case where M is a II1 factor. So suppose that M is now
a II1 factor which is not full. We will show that the representation of U(M) ⋊σ Γ on L
2(M)
does not have spectral gap and this will contradict the conclusion of Proposition 3.4. Since M
is not full, we can find a net (pi)i∈I of nonzero projections pi ∈ M such that limi pi = 0 and
limi
1
τ(pi)
‖upi − piu‖1 = 0 for all u ∈ U(M). Fix ε > 0 and K ⊂ Γ a finite subset. Then, since
Γ is amenable, we can find F ⊂ Γ such that |gF△F | < ε|F | for all g ∈ K. Let
xi =

 1
|F |τ(pi)
∑
g∈F
σg(pi)


1/2
∈M
For all i, we have ‖xi‖2 = 1 and if we let qi = supp(xi) = ∨g∈Fσg(pi), we have
τ(xi) = τ(xiqi) ≤ ‖xi‖2‖qi‖2 = ‖qi‖2.
Since limi qi = 0, we get limi τ(xi) = 0. We also have
‖uxiu
∗ − xi‖
2
2 ≤ ‖ux
2
i u
∗ − x2i ‖1 ≤
1
|F |τ(pi)
∑
g∈F
‖σ−1g (u)pi − piσ
−1
g (u)‖1 → 0
Moreover, for all g ∈ K, we have
‖σg(xi)− xi‖
2
2 ≤ ‖σg(x
2
i )− x
2
i ‖1 ≤
|gF△F |
|F |
≤ ε
Since K and ε > 0 are arbitrary, this shows that the representation of U(M) ⋊σ Γ on L
2(M)
does not have spectral gap, as we wanted. 
For the proof of Theorem 3.3, we need a lemma to reduce to the finite case.
Lemma 3.6. Let M be any von Neumann algebra with a faithful normal state ϕ. If for
some ultrafilter ω ∈ βN \N, we have that Mωϕω is finite dimensional, then M itself is finite
dimensional.
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Proof. Suppose that Mωϕω is finite dimensional. Then Mϕ is also finite dimensional. Let e be
a minimal projection in Mϕ. Then (eMe)eϕe = C. Therefore, by [AH12, Lemma 5.3], either
eMe = Ce or eMe is a type III1 factor. But if eMe is a type III1 factor, then (eMe)
ω
(eϕe)ω is a
II1 factor by [AH12, Theorem 4.20 and Proposition 4.24]. This is not possible by assumption.
Hence eMe = Ce. This shows that e is also minimal in M and we conclude easily that M is
finite dimensional. 
Proof of Theorem 3.3. For the same reason as in the proof of Theorem 3.5, we can reduce to
the case where M is a factor. Moreover, if σ : Γ y M is strongly ergodic, then the action
σω : Γ y Mωϕω is also strongly ergodic and if M
ω
ϕω is finite dimensional then M itself is finite
dimensional. Therefore, the proof reduces easily to the case where M is II1 factor and ϕ is a
trace. Note also that we can always find a finitely generated subgroup G < Γ such that σ|G is
still strongly ergodic. Hence we may assume that Γ is countable. Let H = {g ∈ Γ | σg is inner}.
Let P be the von Neumann algebra generated by all the unitaries u ∈M for which there exists
g ∈ H such that σg = Ad(u). Note that P is amenable because it is generated by an amenable
group of unitaries. Moreover, it is globally invariant under the action σ, hence σ|P must also be
strongly ergodic and in particular centrally ergodic. Therefore, by Theorem 3.5, P is a direct
sum of full factors which means that P is discrete since it is amenable. Let Q = P ′ ∩M . The
action of Γ on Q is again strongly ergodic. Hence Q has discrete center and for any minimal
projection p in the center of Q, the action of its stabilizer Γp on pQp is also strongly ergodic.
Note that H acts trivially on Q, hence we have a strongly ergodic action of Γp/H on pQp, and
we claim that this action of Γp/H is outer. Indeed, if g ∈ Γp is such that σg|pQp is inner, then
σg|pMp is also inner because pPp is a finite dimensional factor and pMp = pPp⊗ pQp. Since
M is a factor, this implies that σg is inner and therefore g ∈ H. This shows that the action of
Γp/H on pQp is outer. Now, pQp is a factor which admits a strongly ergodic outer action of
an amenable group. Therefore pQp is trivial by [PSV18, Theorem 4.1.(ii)]. We conclude that
pMp = pPp ⊗ pQp ∼= pPp is a finite dimensional factor, hence M is also a finite dimensional
factor. 
Proof of Theorem A. Let I be the directed set of all neighborhoods of the identity in Aut(M)
and take ω any cofinal ultrafilter on I. Let P = M ′ ∩ (M ⋊σ Γ)
ω. Note that P is globally
invariant under the action σω : Γy (M ⋊σ Γ)
ω. Since M ⋊σ Γ is a full factor, then the action
of Γ on P must be strongly ergodic. Moreover, the restriction to P of the canonical faithful
normal conditional expectation EM : (M ⋊σ Γ)
ω → M defines a canonical Γ-invariant faithful
normal state on P . Since Γ is amenable, Theorem 3.3 implies that P is finite dimensional.
Now, suppose that the kernel of σ is not finite or that its image is not discrete. Then in both
cases, we get that for every V ∈ I, the set {g ∈ Γ | σ(g) ∈ πM(V)} is infinite. Hence, we
can find distinct elements (gV ,n)n∈N in Γ and some unitaries (uV ,n)n∈N in U(M) such that
σ(gV ,n) ◦ Ad(uV ,n) ∈ V. Now let wn = (ugV,nuV ,n)
ω ∈ (M ⋊σ Γ)
ω for all n ∈ N. Then we have
wn ∈ P for all n ∈ N, and the family (wn)n∈N is orthonormal. This contradicts the fact that
P is finite dimensional. We conclude that σ has finite kernel and discrete image. 
Remark 3.7. Theorem 3.5 remains true without the finiteness assumption on M . Indeed, let
M be an arbitrary factor and σ : ΓyM be a centrally ergodic action of an amenable group Γ.
Then for any cofinal ultrafilter ω on any directed set I, we have that the action σω : Γy Mω
is strongly ergodic. By Theorem 3.3, this forces Mω to be finite dimensional which actually
implies that Mω = C. Hence M is full as we wanted. However, we do not know whether
Theorem 3.3 remains true in the non-state preserving case.
4. Proof of Theorem B
We will need the following spectral gap criterion.
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Theorem 4.1 ([Ma16, Theorem 4.4]). Let M be a full factor. Then there exists a normal state
ϕ, a finite set F ⊂ Σϕ and a constant κ > 0 such that for all x ∈M , we have
‖x− ϕ(x)‖ϕ ≤ κ
∑
ξ∈F
‖xξ − ξx‖.
We will also need the following lemma.
Lemma 4.2. Let M be a factor and ϕ a normal state on M (not necessarily faithful). Then
for any neighborhood of the identity V ⊂ Out(M), we can find a finite subset F ⊂ Σϕ and a
constant c > 0 such that for all α ∈ Aut(M) \ π−1M (V) and all u ∈ U(M), we have∑
ξ∈F
‖uα(ξ) − ξu‖2 ≥ c.
Proof. Suppose that there exists a net (ui)i∈I in U(M) and a net (αi)i∈I in Aut(M) \ π
−1
M (V)
such that ‖uiαi(ξ)−ξui‖ → 0 for all ξ ∈ Σϕ. Then if we put θi = Ad(ui)◦αi, we have θi(ξ)→ ξ
for all ξ ∈ Σϕ, hence for all ξ ∈ pL
2(M)p where p = supp(ϕ). This contradicts [Ma16, Lemma
5.2]. 
Theorem 4.3. Let M be a full factor and σ : ΓyM an action of a discrete group Γ such that
M ⋊σ Γ is a factor. Suppose that the action Γ y ∂σΓ has no invariant probability measure.
Then there exists a normal state ϕ on M , a finite set F ⊂ Σϕ, a finite set K ⊂ Γ and a
constant κ > 0 such that for all x ∈M ⋊σ Γ we have
‖x− ϕ(x)‖ϕ ≤ κ

∑
ξ∈F
‖xξ − ξx‖+
∑
g∈K
‖xug − ugx‖
♯
ϕ


where we use the canonical conditional expectation E : M ⋊σ Γ → M to lift ϕ to M ⋊σ Γ and
to view L2(M) as a subspace of L2(M ⋊σ Γ).
Proof. Let ϕ be any state on M as in Theorem 4.1. Suppose that the inequality we want to
prove does not hold. Then we can find a net (xi)i∈I in M with ‖xi‖ϕ → 1 and ϕ(xi)→ 0 such
that ‖xiξ − ξxi‖ → 0 for all ξ ∈ Σϕ and ‖ugxiu
∗
g − xi‖
♯
ϕ → 0 for all g ∈ Γ. Let xi =
∑
g∈Γ x
g
i ug
be the Fourier decomposition of xi. Up to some perturbation of xi, we may assume that x
g
i is
invertible for all i ∈ I and g ∈ Γ. Write xgi = v
g
i |x
g
i | for the polar decomposition of x
g
i , with
vgi ∈ U(M). Let λ
g
i = ‖x
g
i ‖σg(ϕ) and µ
g
i = ‖x
∗
i ‖ϕ. Let yi =
∑
g∈Γ λ
g
i v
g
i ug. Let us show that
‖xi − yi‖
♯
ϕ → 0. For all ξ ∈ Σϕ, we have∑
g∈Γ
‖|xgi |σg(ξ)−σg(ξ)|x
g
i |‖
2+‖|(xgi )
∗|ξ−ξ|(xgi )
∗|‖2 ≤ 2
∑
g∈Γ
‖xgi σg(ξ)−ξx
g
i ‖
2 = 2‖xiξ−ξxi‖
2 → 0.
This implies that ∑
g∈Γ
‖|xgi | − λ
g
i ‖
2
σg(ϕ)
+ ‖|(xgi )
∗| − µgi ‖
2
ϕ → 0.
∑
g∈Γ
‖xgi ug − λ
g
i v
g
i ug‖
2
ϕ + ‖u
∗
g(x
g
i )
∗ − µgi u
∗
g(v
g
i )
∗‖2ϕ → 0.
Moreover, we have∑
g
|λgi − µ
g
i |
2 ≤
∑
g∈Γ
‖xgi σg(ξϕ)− ξϕx
g
i ‖
2 = ‖xiξϕ − ξϕxi‖
2 → 0.
Therefore, we obtain
(
‖xi − yi‖
♯
ϕ
)2
=
∑
g∈Γ
‖xgi ug − λ
g
i v
g
i ug‖
2
ϕ + ‖u
∗
g(x
g
i )
∗ − λgi u
∗
g(v
g
i )
∗‖2ϕ → 0.
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Since ‖xi − yi‖
♯
ϕ → 0, we have limi ‖yiξ − ξyi‖ = limi ‖xiξ − ξxi‖ = 0 for all ξ ∈ Σϕ. And
since for all g ∈ Γ, the net (ugxiu
∗
g)i∈I satisfies the same assumption as (xi)i∈I , we also obtain
‖ugxiu
∗
g − ugyiu
∗
g‖
♯
ϕ → 0 for all g ∈ Γ. In particular, we have ‖ugyiu
∗
g − yi‖
♯
ϕ → 0 for all g ∈ Γ.
Now, let
ηi =
∑
g∈Γ
λgi ug ∈ ℓ
2(Γ).
Since ‖ugyiu
∗
g − yi‖ϕ → 0, we have ‖ugηiu
∗
g − ηi‖ → 0 for all g ∈ Γ. Define a state Ψ on
ℓ∞(Γ) = C(βΓ) by taking any weak∗ accumulation point of Ψi = 〈·ηi, ηi〉, i ∈ I. Then the
state Ψ is conjugacy invariant. We will reach a contradiction by showing that Ψ is supported
on ∂σΓ.
First we show that Ψ is supported on βΓ \ Γ. For this, we have to show that limi λ
g
i = 0 for
all g ∈ Γ. Let ω be a cofinal ultrafilter on I. Let λg = limi→ω λ
g
i . Observe that g 7→ λ
g is
constant on each conjugacy class of Γ. Since (λgi )
2‖Ad(vgi )σg(ξ) − ξ‖
2 → 0 for all ξ ∈ Σϕ,
then for every g such that λg 6= 0, we must have limi→ω Ad(v
g
i )σg(ξ) = ξ for all ξ ∈ Σϕ. Since
M is full this implies that σg is inner and that there exists a unique unitary v
g ∈ U(M) such
that σg = Ad(v
g) and limi→ω v
g
i v
gp = p in the ∗-strong topology, where p = supp(ϕ). By the
uniqueness of vg we must have σh(v
g) = vh
−1gh for all h ∈ Γ. Therefore, we have
y =
∑
g∈Γ
λg 6=0
λg(vg)∗ug ∈ Z(M ⋊σ Γ).
Since, by assumption, M ⋊σ Γ is a factor, we conclude that y = ϕ(y) = 0. This shows that
λg = 0 for all g ∈ Γ and this holds for any cofinal ultrafilter ω on I. Hence, we obtain limi λ
g
i = 0
for all g ∈ Γ.
Now, we show that Ψ is supported on {x ∈ βΓ | limg→x σ(g) = 1}. Take V any neighborhood
of the identity in Out(M). By Lemma 4.2, there exists a constant c > 0, a finite set F ⊂ Σϕ
such that for all α ∈ Aut(M) \ π−1M (V) and all u ∈ U(M), we have∑
ξ∈F
‖uα(ξ) − ξu‖2 ≥ c.
This implies that
∑
g∈Γ
σ(g)/∈V
(λgi )
2 ≤
1
c
∑
g∈Γ
∑
ξ∈F
(λgi )
2‖vgi σg(ξ)− ξv
g
i ‖
2 =
∑
ξ∈F
‖yiξ − ξyi‖
2 → 0.
We conclude that Ψ is supported on {x ∈ βΓ | limg→x σ(g) = 1} and therefore on ∂σΓ = {x ∈
βΓ \ Γ | limg→x σ(g) = 1}.

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